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Recent studies of carbon oxidation by scanning tunneling microscopy indicate that
measured rates of carbon oxidation can be affected by randomly distributed defects in
the carbon structure, which vary in size. Nevertheless, the impact of this observation on
the analysis or modeling of the oxidation rate has not been critically assessed. This work
focuses on the stochastic analysis of the dynamics of carbon clusters’ conversions during
the oxidation of a carbon sheet. According to the classic model of Nagle and Strick-
land-Constable (NSC), two classes of carbon clusters are involved in three types of
reactions: gasification of basal-carbon clusters, gasification of edge-carbon clusters, and
conversion of the edge-carbon clusters to the basal-carbon clusters due to thermal an-
nealing. To accommodate the dilution of basal clusters, however, the NSC model is
modified for the later stage of oxidation in this work. Master equations governing the
numbers of three classes of carbon clusters, basal, edge and gasified, are formulated
from stochastic population balance. The stochastic pathways of the three different classes
of carbon during oxidation, that is, their means and the fluctuations around these means,
have been numerically simulated independently by the algorithm derived from the mas-
ter equations, as well as by an event-driven Monte Carlo algorithm. Both algorithms

have given rise to identical results.

Introduction

The dual-site, Langmuir-Hinshelwood model of carbon ox-
idation, developed by Blyholder et al. (1958) and its modified
version by Nagle and Strickland-Constable (1962), or the NSC
model in short, have been widely adopted for modeling car-
bon oxidation. The features and applicability of the NSC
model have been extensively discussed in several reviews (such
as Laurendeau, 1978; Essenhigh, 1981; Suuberg, 1991). Nev-
ertheless, it is deemed desirable to reassess the validity of the
NSC model in the light of additional information on carbon
oxidation and new data obtained with various types of carbon
and experimental apparatus.

The experimental setups of Blyholder et al. (1958) and Na-
gle and Strickland-Constable (1962) included impinging oxy-
gen or a nitrogen/oxygen mixture onto the face containing
the basal planes of a carbon-black rod heated by electric cur-
rent. The carbon was consumed layer by layer, and the rate
of oxidation was determined by measuring microscopically the

Correspondence concerning this article should be addressed to Wei-Yin Chen.

AIChE Journal

position of the carbon surface. In analyzing the data and de-
riving models based on them, the rate of carbon oxidation is
assumed to be controlled partly by the adsorption of oxygen
molecules and atoms, and partly by the desorption of two
classes of carbon—oxygen complexes derived from carbon of
two different structural characteristics in the graphite. These
structurally different classes of carbon have been termed the
edge carbon and the basal carbon in the combustion litera-
ture.

Chu and Schmidt (1992, 1993) induced physically fresh de-
fects in the basal plan of the carbon structure and examined
the formation and growth of pits after oxidation by scanning
tunneling microscopy. At relatively low temperatures, they
observed that the pits originated at defective sites, or edges.
The abstraction of basal carbon by oxygen was possible at
higher temperatures (> 700°C). To calibrate the instrument’s
sensitivity, the surface was randomly imaged first in an area
15x 15 uwm? in size for about 20 different regions of each
crystal; each imaged area contained approximately 675 to 900
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pits. They have observed a wide range of pit sizes after oxida-
tion of basal carbon. The oxidation rate per unit area was
determined by averaging the data over several crystals with
150 to 200 pits recorded in a typical measurement. To esti-
mate the total area of all the single-layer pits, they have
considered a 10-nm segment as the fundamental unit in dis-
cretizing the pit-size distribution, which corresponds to ap-
proximately the length of 30 diameters of carbon atoms. These
studies clearly indicate that the sizes of pits in the samples
are mesoscopic in nature. Inevitably, this renders the fluctua-
tions appreciable in the estimated or predicted rates based
on the measurements; thus, a stochastic analysis is indeed
warranted.

Recently, Kyotani et al. (1996) conducted Monte Carlo
simulations of the oxidation of a carbon sheet where the gasi-
fication probability of each carbon atom was determined by
the Huckel molecular orbital theory. In other words, the con-
versions and their fluctuations were simulated in their study;
they depend mainly on the carbon structure at the atomic
level. For the oxidation of a defected carbon sheet, however,
the inherent fluctuations can also arise from the random,
mesoscopic defects in the carbon structure; these fluctuations
have manifested themselves in the observation of pits forma-
tion and in the measurement of the oxidation rate conducted
by Chu and Schmidt (1992, 1993). Analysis of these fluctua-
tions requires that we resort to a very different approach,
that is, the stochastic analysis, mentioned at the conclusion of
the preceding paragraph.

The primary objective of the present work is to conduct
stochastic analysis and modeling of the carbon oxidation
process where the rate is governed by the mesoscopic defects
in the carbon structure; the classic dual-site view of the car-
bon structure of the NSC model is adopted. Mathematically,
the stochastic algorithm follows what has been established by
Oppenheim et al. (1977), Gardiner (1985), and van Kampen
(1992, pp. 96—133).

Model Formulation

The system under consideration includes a sheet of graphite
carbon and its oxidation products in the gas phase. The car-
bon sheet comprises both the crystalline-carbon, that is,
basal-carbon, clusters, and the clusters of carbon around dis-
persed defects, that is, edge-carbon clusters. These clusters
have equal collision frequencies with the oxygen in the gas
phase. According to the NSC model, these two classes of car-
bon clusters undergo three types of reactions: the gasification
of edge-carbon clusters, the gasification of basal-carbon
clusters, and the conversion of edge-carbon clusters to
basal-carbon clusters via thermal annealing. For brevity, the
basal-carbon clusters, the edge-carbon clusters, and their
gasified products will be simply referred to as the basal, edge,
and gasified clusters, respectively, hereafter. To analyze the
mesoscopic size of the pits, a fundamental measuring unit
needs to be identified. The fundamental unit, or size, of a
cluster is dictated by factors such as the sizes of the defects,
the segment length adopted in discretizing the pit-size distri-
bution in reporting and analyzing the experimental data, and
by the instrument’s sensitivity; as noted in the preceding sec-
tion, Chu and Schmidt (1992) have considered a 10-nm seg-
ment as the fundamental unit. Once the cluster size is identi-
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fied, the quantity of carbon in a cluster is defined for all three
types of carbon clusters.

The carbon sheet discussed here contains a limited carbon
source, and, thus, the three types of carbon clusters just de-
fined form a closed system. In what follows, we shall discuss
the carbon-rod system of Nagle and Strickland-Constable
(1962), which is of the open-flow type, and the steady-state
hypothesis of the NSC model. In our extension of the NSC
model to the carbon sheet, the steady-state hypothesis must
be removed.

During the entire experiment for oxidizing carbon on the
surface of a graphite rod, only a small amount of carbon is
usually gasified from an essentially unlimited source of car-
bon in the graphite. In the analysis based on the NSC model,
the material balance is performed over a carbon surface ex-
posed to the oxygen jet under the assumption that the system
is at a steady state, that is, the ratio of the two classes of
carbon remains constant on the exposed surface. The system
is of the open-flow type since the gasification of a unit of
either basal or edge cluster instantaneously brings a neigh-
boring, unexposed basal cluster into the system, that is, the
exposed surface, as an edge cluster. The conversions of car-
bon clusters to the exposed surface are the sole sources of
edge clusters; therefore, the gasification of an edge cluster
does not change the distribution of cluster numbers in the
system. The thermal annealing and gasification of basal clus-
ters are the sole source and sink of basal clusters, respec-
tively; thus, operating the open-flow system under a steady
state requires that the rate of gasification of basal clusters be
equal to that of their thermal annealing.

The rate of carbon gasification is considered to be the sum
of the gasification rates of edge carbon and basal carbon,
which are coupled through the common factor, x, represent-
ing the fraction of edge carbon on the surface. The steady-
state assumption just discussed suggests that the factor, x,
can be determined by equating the rate of gasification of basal
carbon and that of thermal annealing. It is interesting to note
that the direct experimental verification of the factor, x, in
the NSC model has not been reported in the literature; nev-
ertheless, the dual-site view of carbon surface forms the basis
in the development of the concepts and experimental
methodologies for measuring the active surface and reactive
surface areas during carbon oxidation (Lizzio et al., 1990).

Blyholder et al. (1958) have chosen 1 and 2 for the num-
bers of basal sites to be converted to an edge site when an
edge cluster and a basal cluster are gasified from the exposed
surface, respectively. The number of secondary conversion of
basal sites to edge sites during the gasification of a basal site,
2, apparently has been assigned by taking into account not
only the conversion of the basal cluster underneath the newly
gasified cluster, but also the conversion of a neighboring clus-
ter on the same plane. Blyholder et al. have stated that the
selection is arbitrary and the results of calculation are insen-
sitive to the selection in their system. This value has been
reduced to 1 in the NSC model. For the carbon sheet dis-
cussed in the present work, however, the supply of carbon for
secondary reactions comes only from the carbons in the same
plane. Thus, for modeling the oxidation of a carbon sheet we
assume that the gasification of a cluster of basal or edge car-
bon instantaneously results in the conversion of a neighbor-
ing, unexposed basal cluster to an edge cluster.
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The oxidation rates of soot particles have been measured
with a shock-tube reactor (such as Park and Appleton, 1973)
and flow reactors (Neoh et al., 1981; Felder et al., 1988).
These rates have been compared with those of the NSC
model. The steady-state hypothesis of the NSC model is valid
because the extent of the carbon conversion in the reactors
mentioned earlier is sufficiently low. Naturally, the steady-
state hypothesis is valid only up to a certain level of carbon
conversion. Toward the end of the oxidation process, particu-
larly for the porous particles, basal carbon sites are mostly
isolated in the carbon matrix and the gasification of a cluster
of basal or edge carbon is not expected to instantaneously
result in the conversion of a neighboring, unexposed basal
cluster to an edge cluster. Hence, the NSC model is also ex-
pected to overpredict the conversion. To extend the predic-
tion to the entire carbon burnout process, a model is devel-
oped in the current work for the later stage of combustion
where the basal clusters are assumed to be completely iso-
lated.

Let the random variables, N,(t), N,(t), and N(t), repre-
sent the numbers of the basal, edge, and gasified clusters.
Consequently, the random vector of the system is N(t) =
[N(1), Ny(t), Nj(D)IT, where T stands for the transpose. The
realization of the random vector, n(t)=[n,(t), n,(t), ny(OI",
represents the state of the system at time t. The probability
that the system be in state n at time t is denoted by P, , (t)
or P[n,(t), n,(t), ng(t); t]. The following assumptions are im-
posed in deriving the master equations governing the transi-
tion of the system among various states.

1. The random vector, N(t), is Markovian, that is, for any
set of successive times t; <t, < -+ <t,, we have
PIN(tIN(ty), N(t,), ..., N(t,_)]=PIN(tIN(t,_,)] (such
as Parzen, 1962).

2. The number of cluster conversion depends only on the
time interval, that is, it is temporally homogeneous, signifying
that N(At) and [N(t + At)— N(t)] are identically distributed.

3. The probability of an arbitrary cluster to undergo one
type of reaction is proportional to the time interval (t,t + At),
if the interval At is sufficiently small.

4. The probability of a cluster to make more than one
transition is zero during the time interval (t,t + At) so that at
most one transition occurs during this period.

The transition-intensity functions, A;’s are defined on the
basis of the preceding assumptions as follows:

Pr [a basal cluster will gasify during the time interval,
(t,t+At)]= LAt +o(At) (1)
Pr [an edge cluster will gasify during the time interval,
(t,t+At)]= LAt +0(AL) (2)
Pr [an edge cluster will convert to a basal cluster during
the time interval, (t,t+ At)] = A;At+ 0(At), (3)

where

o(At)
lim =0
At->0 At

€Y

The definitions of the transition-intensity functions, Egs. 1
through 3, render it possible to perform a probabilistic popu-
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lation balance around a particular state of the system by
taking into account the mutually exclusive events probably
occurring during the evolution of the system. Since the dy-
namics of the two stages differ from each other, they are
discussed separately below. It is also worth mentioning that
these transition-intensity functions are the major parameters
defining the rate of carbon oxidation dynamics; they form the
basis not only of deriving the master equations, but also of
constructing the Monte Carlo procedure, as will be elabo-
rated later.

First stage

For four mutually exclusive events leading the evolution of
the state of the system include the following.

1. A basal cluster gasifies, thus giving rise to a gasified
cluster and an edge cluster (see Figure 1).

2. An edge cluster gasifies, thereby yielding a gasified clus-
ter and another edge cluster (see Figure 2).

3. An edge cluster is converted to a basal cluster through
thermal annealing (see Figure 3).

4. None of these events takes place.

As illustrated in Figure 4, the probabilities that the four
mutually exclusive events occurring at arbitrary time t will
lead the system to state n at time (t + At) can be written as

Pr [the system will transform into state n from another state
due to the gasification of a basal cluster during
the time interval, (t,t+ At)]
= (N +2)MAP, 5 0, 1,0,-1(1) + O(AL) %)

B = 3=n+2 - B=1 =n,
E =10= ne-1 - E=11=n,
G = 9=n,-1 - G=10=n,

Figure 1. Gasification of a basal-carbon cluster in the
first stage of the modified NSC model.

B = basal-carbon cluster; E = edge-carbon cluster; G =
gasified-carbon cluster.
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B = 3 =n+1 - B=2 =n,
E =10 =n, - E=10=n,
G = 9 =n,-1 - G=10=n,

Figure 2. Gasification of an edge-carbon cluster in the
first stage of the modified NSC model.

B = basal-carbon cluster; E = edge-carbon cluster; G =
gasified-carbon cluster.

Pr [the system will transform into state n from another state
due to the gasification of an edge cluster during
the time interval, (t,t+ At)]
=nzx\zAthanz'nrl(t)Jro(At) (6)

Pr [the system will transform into state n from another state
due to the thermal annealing of an edge cluster to

a basal cluster during the time interval, (t,t+ At)]

= (N +1)AAP, ;o 41,0 (1) + 0(AL) )
Pr [the system will remain at state n during the time
interval, (t,t+ At)]
=[1—=(nyAs + 005 + Ny A)AL]R, o (H)+ 0(AL).
(®)

By summing all the probabilities, Egs. 5 through 8, we obtain
the probability that the system is at state n at arbitrary time
(t+ At) as follows:

Pnl, ny, n3(t + At) = (nl +2))‘1Atpn1+2, n,—1, n3—1(t)
+ M AAR, g m (D (N +D)AAR, g (D)

+[1=(ngA + nyA, + nyA5)AL] Po,.n,n (1) +0(AL)  (9)

Rearranging the preceding equation and taking the limit as

2560 December 1999

- E=9=n,

9= n, - G=9=n,

Figure 3. Thermal annealing of an edge-carbon in the
first stage of the modified NSC model.

B = basal-carbon cluster; E = edge-carbon cluster; G =
gasified-carbon cluster.

At — 0 result in the following master equation governing the
first stage of the oxidation:

dP,(t)
dt
AP i1y n— 1 (DT (N +D)AP, g1 (D)

= (A + NyA, + Ny A,) Pnl,nz‘na(t)' (10)

=(N+2)M P i2n,-1,0,-12(1)

For convenience, the one-step operator, D, is introduced
here; it is defined through its effect on arbitrary function f(n)
as (van Kampen, 1992, p. 139)
and

Df(n)=f(n+1) D f(n)=f(n-1). (11)

state at time t transitional probability state at time (t+At)
(n,+2}A, AtP"‘ .2, n2>1’"’_1(t) + o(Af)
n,+2,n,-1,n,-1

nyh, AtPnM'nz’”:_1 (6 + ofAf)

n +1,n,n -1

m, 1)), At P, ‘1"’2‘1'"3(0 +olay ny, ny,n,
n-1,n41,n,

[1- (0 wmh, ~n )AL P, () + o(Af

I n1 » nz, I‘l3 i

Figure 4. Probability balance involving four mutually
exclusive events in the time interval (t,t + dt)
in the first stage.
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B=1= n+1 - B=0 =n

E=10 = n, - E=10

1]
-
19

G=9=n-1 - G=10

n;

Figure 5. Gasification of a basal-carbon cluster in the
second stage of the modified NSC model.

B = basal-carbon cluster; E = edge-carbon cluster; G =
gasified-carbon cluster.

In light of this definition, the master equation, Eg. 10, is
rewritten in compact form as shown below:

dPy(1)
dt

= )\1( DZ D, 'D, ! —1)n1Pn(t)

+ A5( Dy, Dy, = 1)n, Po(t) + Ag( Dy, Dy, —1) 0, Py(1).
(12)

Second stage

The four mutually exclusive events causing the evolution of
the state of the system include the following.

1. A basal cluster gasifies, thus giving rise to a gasified
cluster (see Figure 5).

2. An edge cluster gasifies, thereby yielding a gasified clus-
ter (see Figure 6).

3. An edge cluster is transformed into a basal cluster
through thermal annealing (see Figure 7).

4. None of these events takes place.

As summarized in Figure 8, the probabilities that these four
mutually exclusive events occurring at the second stage of the
process will lead the system to state n at an arbitrary time t
can be written as

Pr [the system will transform into state n from another
state due to the gasification of a basal cluster during

the time interval, (t,t+ At)]
= (N +D)MAP, Ly, n,—1(D) + 0(AL) (13)
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Pr [the system will transform into state n from another
state due to the gasification of an edge cluster during
the time interval, (t,t+ At)]
= (N, +1)AAMP, i1 n,—1(t) + 0(AL) (14)

Pr [the system will transform into state n from another
state due to the thermal annealing of an edge cluster
during the time interval, (t,t+ At)]
= (N, +1)AAP, 4 4 410 (1) + 0(AL) (15)

Pr [the system will remain at state n during the time
interval, (t,t+ At)]
=[1—=(nyAy + Ny 05 + Ny A)AL]R, (1) + 0(At)

(16)
By summing all the probabilities given (Egs. 13 through 16)

we obtain the probability that the system is at state n at arbi-
trary time (t + At) as follows:

Pnl, n,, na(t + At) = (nl + 1)/\1AtPn1+l, nz,n3fl(t)
F(No+1)AAR, oy 0, -1 (D) (N +DAAR, g o (D)

+[1=(n A + A, + nz)\s)At]Pnl'nz,ns(t)ﬁ- o(At). (17)

Rearranging the preceding equation and taking the limit as

B =1 = n

- B= 1 =n,
E =10 = n,+1 - E= 9 =n,

G =9 =n-1 - G=10 =n,

Figure 6. Gasification of an edge-carbon cluster in the
second-stage of the modified NSC model.

B = basal-carbon cluster; E = edge-carbon cluster; G =
gasified-carbon cluster.

December 1999 Vol. 45, No. 12 2561



B = 1=n,-1 - B= 2=n,
E =10= n,+1 - E=9=n,
G = 9=n, - G=9=n,

Figure 7. Thermal annealing of an edge-carbon in the
second stage of the modified NSC model.

B = basal-carbon cluster; E = edge-carbon cluster; G =
gasified-carbon cluster.

At — 0 result in the following master equation governing the
second stage of the oxidation.

dP,(t)
at (N + 1) APy 10y ny-2(1)

+(ny+1)A, Pa,n,+ 1,n3—1(t) +(ny +1)A, Po—1n,+1, na(t)

—(NA + A + N AP, o (). (18)

On the basis of the definition of D (Eg. 11) this equation is
rewritten compactly as

dP,(t)
da

A( Dy, Dyt =1)n, Py(t) + Ay( Dy, Dy = 1), Po(1)
+ A3( Dy, "Dy, —1) N, P(1). (19)

The master equations (Egs. 12 and 19) comprise two sets
of coupled linear ordinary differential equations with the joint
probability function, P.(t), as its unknown. Each equation in
the set represents a particular outcome n. Even though the
linear master equations, Eq. 12 or 19, can be analytically
solved by the method of the joint-probability-generating func-
tion (such as Chiang, 1980), it is extremely difficult, if not
impossible, to do so because of the exceedingly large number
of possible n’s. In practice, however, it often suffices to deter-
mine only the expressions for the first and second moments
of the resultant cluster-size distribution. These moments, in
turn, yield the expressions for the means, variances, and co-
variances that can be correlated or compared with the experi-
mental data. The equations governing the moments are
derived through an averaging technique, which is discussed in
the next section.
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state at time t

I n+1,n,n-1 !
I n,n,+1,n,-1 I
I n-1,n,¢1, ny I

[1-(a,\ snyh, rn\ASP, (8 + ols8

transitional probability state at time (t+At)

(n+NNALP, (0 + olAf

(n,+1)A, AtPn« 1y e, -1 (f) + o(Af)

(1, )N B8P, 4y, (8 + 089

Il1 ) nz, ns

Figure 8. Probability balance involving four mutually
exclusive events in the time interval (t,t + dt)
in the second stage.

Means, variances, and covariances

The equations governing the means, variances, and covari-
ances of the N; have been derived by generating the first and
second moments of the master equations for the both stages
of oxidation. They are separately presented.

First Stage. Multiplying both sides of the master equation
(Eg. 12) by n;, and rearranging the resultant expression lead
to the following equations governing the first moments or
means of the random variables:

% = —2)\1E[ N1(t)] — A, E[ Nz(t)]+ /\3E[ Nz(t)]

(20)
w = LE[N ()] = A;E[Ny(1)] (21
W=A1E[N1(t)]+AZE[NZ(t)]. 22)

Multiplying both sides of the master equation (Eq. 12) by n/?,
and rearranging the resultant expression yields the following
equations governing the second moments of the random vari-
ables of the first stage:

dE[ N2(1)] ,
T = _4)\1(E[ N{ (t)] - E[ Nl(t)])
- )\2(2 E[ Nl(t) Nz(t)] - E[ Nz(t)])

+ Aa(ZE[ Ny(t)N,(t)]+ E[ Nz(t)]) (23)

w = ML(2E[ Ny () N.(D)]+ E[Ny(D])

— M(2E[NZ (D] - E[Ny(D)])  (24)

dE[ N2(1)]

dt =)\1(2E[N1(t)N3(t)]+ E[Nl(t)])

+ 0, (2E[ No() Na(1) ]+ E[No(D)]) . (25)
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By multiplying both sides of the master equation (Eg. 12), by
(ninj), and rearranging the resultant expression, we obtain
the equations governing the cross moments of two random
variables of the first stage as follows:

dE[ N, (D) Ny(1)]
— -
+E[NZ(D]) = 2(E[NZ(D)]) = A E[NL(t)No(1)]

—E[NZ(D)] + E[N,(D)]) (26)

)\1( =2 E[ Ny (t) Nz(t)] -2 E[ Nl(t)]

ENONOL_ (Ernomol+ e
+EN(ON(D]) + Ao E[NZ()])
S A(E[NOND]) (@)

dE[ N;(t) Ng(1)]
dt

+ E[ le(t)] ) + 2(— E[No(D)Na(1) ]+ E[ Ny (1) No(D) ]

- E[ Nz(t)]) + /\3( E[ Nz(t) Na(t)])' (28)

= /\1( =2 E[ Nl(t) Ns(t)] -2 E[ Nl(t)]

Solving Egs. 20 through 28 simultaneously gives the first and
second moments of N;(t). The variances around the means,
Var[N;(t)], and the covariances around the means,
Cov[N;,, NJ-], can be obtained from the following formulas
(Casella and Berger, 1990, pp. 58, 161):

Var[ Ni(t)] = E[( Ni(H) — E[ Ni(t)])z]

or

Var[N(D)] = E[N2(D)] - (E[N(D])®  (29)

and

Cov[ Ni(t), N;(1)]
= E[(N() = E[NDO])(N(D - E[N(D)])]

or

Cov[ Ni(1), Ni(1)] = E[ Ni(DHN;(D)] = E[Ni(D)]E[ N;(D)] -
(30)

The first terms on the righthand sides of Eqgs. 23 and 24 can
be obtained from the equations for the second moments of
N; and N;; and the second terms, from the equations for the
first moments or means of N;.

Second Stage. The equations governing the moments for
the second stage can be derived through an approach similar
to that for the first stage. Multiplying both sides of the mas-
ter equation (Eq. 19) by n;, and rearranging the resultant
expression, leads to the following equations governing the first
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moments or means of the random variables of the second
stage.

dE[Z‘—;“)L - ME[N(O]+ LE[N(D] (3D
ENO)_ L enol- sEno] @)
ELOL_ el neElvo] @

Multiplying both sides of Eq. 19 by niz, and rearranging the
resultant expression leads to the following equation govern-
ing the second moments of the random variables of the sec-
ond stage:

dE[ N2()]

WOl (~2e[nz0)] + ETNO])

+ A3(2E[N(DNL(D]+ E[N,(D)])  (34)

dE[ N2(1)]

S = A(—2E[NZ(D)] + E[Nx(1)])

+A5(—2E[NZ(D)] + E[N,(D)]) (35)
= M( E[Ny(D)]+2E[ Ny(1) Ny()])

+ 0, (2E[ No(D)Ny(1) ]+ E[N(D)]) . (36)

dE[ N2(1)]
dt

By multiplying both sides of Eq. 19 by (ninj) and rearranging
the resultant expression, we have the equations governing the
cross moments of two random variables of the second stage
as follows:

EMONOL epnon o)

— M E[N(DN,(D)]) = A E[Ny(D)Nx(D)]
~ E[NZ(D] + E[N,(D)]) (37)

dE[ No(t) Na(1)]
dt

+25( E[NZ(1)] - E[N()Ny(t)] - E[ No()])
= A(E[N(D)Ng(D])  (38)

=+ L E[Ny(t)N»(1)])

w = /\1(_ E[N()Ns(D)] + E[ le(t)]

_E[ Nl(t)]) ‘H‘z( E[ Nl(t) Nz(t)]) +)\3( E[ Nz(t) Na(t)])'
(39)

Similar to the random variables of the first stage, solving Egs.
31 through 39 simultaneously gives the first and second mo-
ments of N;(t). The variances around the means, Var[ N;(t)],
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and the covariances around the means, Cov[N;, NJ-], can be
estimated by means of Egs. 29 and 30.

Simulation

The two-stage model presented in the preceding section
has been simulated by two approaches. The first relies on the
solution of the governing equations for the first and second
moments of the random variables derived from the master
equations, or the master-equation algorithm in brief, and the
second resorts to the event-driven Monte Carlo algorithm.
The values of the parameters characterizing the dynamics of
oxidation are estimated prior to the simulation.

Assessment of system parameters

The oxidation process of interest is characterized by the
transition-intensity function, A;, defining the probability of
cluster conversion per unit time due to reaction i (see Egs. 1
through 3). If the fraction of cluster converted per unit time
is taken to represent this intensity function, its significance is
equivalent to the deterministic rate constant, k. In other
words, from the change in the total number of clusters at-
tributable to reaction i during the time interval (t,t + At) we
have

~ n—[n—n)xAt+o(At)]

~Ri= im, QAT = X(n/Q). (40)
where ) stands for the system size, for example, surface area
for a surface oxidation system; and — R;, the number of clus-
ters converted attributable to reaction type i per unit time
per unit area. A detailed discussion of the relationship be-
tween the rate constant and the intensity function can be
found in van Kampen (1992, p. 166). Equation 40 implies that
the rate of cluster conversion obeys the first-order law.

The transition-intensity functions have been estimated from
the rate expressions of Nagle and Strickland-Constable (1962).
For the gasification of edge clusters, the rate is considered to
be limited by the adsorption of oxygen and desorption of sur-
face oxygen complexes, thus leading to the following rate ex-
pression in s~ 1.

Kap

R [
AT 1+ K,p

X, (41)

where
kA = product of oxidation-rate constant for edge clusters in the Ar-
rhenius form and K,
= 20exp[—30,000(cal/mo)ART)], in g-cm~2-s~1-atm~1!
K, = adsorption—desorption equilibrium constant
= 21.3exp[4,100(cal/mo)ART)], in atm !
x= fraction of edge clusters on the carbon surface
p= partial pressure of oxygen, in atm.

Various mechanistic studies, however, have revealed that
the gasification of edge carbon should not be considered to
follow a simple Langmuir-Hinshelwood mechanism (such as
von Fredersdorff and Elliott, 1963; Spokes and Benson, 1967;
Laurendeau, 1978; Suuberg, 1991); the detailed mechanism is
more complex, and Eq. 41 can only be regarded as an ap-
proximation.
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For the gasification of basal clusters, Nagle and
Strickland-Constable have regarded the rate to be governed
by the interaction between oxygen and basal clusters, thereby

leading to the following rate expression in s~

Rg=kgp(1-x), (42)

where
kg = oxidation-rate constant for basal clusters in Arrhenius form
= 4.46 x 1073 exp [ —15,200(cal/mo)ART)], in g-cm~2-s7 1.
atm™ .
For the conversion of edge clusters due to thermal anneal-
ing, Nagle and Strickland-Constable have determined that the
rate depends on the fraction of edge clusters on the carbon

surface. This leads to the following rate expression in s~ 1:

Ry =ktx, (43)

where
k; = rate constant for thermal annealing in Arrhenius form
=1.51x 105 exp (—97,000(cal/mol)ART)), in g-cm~2-s~ 1,

By assuming that each basal carbon occupies the same area
as an edge carbon atom, 8.3 A2 (Laine et al., 1963), the rate
expressions (Egs. 41 through 43), can be converted from the
surface-area basis to the atomic or cluster basis. Under arbi-
trarily selected conditions defined by a temperature of 1,800
K and an oxygen partial pressure of 0.23 atm, the A;’s have
been evaluated as

Kap

=———=626.45"" 44
Y1+ K,p (44)
Ay =kgp=2,809s"! (45)
Ag=ky =12.49s7 1. (46)

The simulations have been carried out with these values of
A;. The temperature and oxygen partial pressure are chosen
well within the range of the conditions of Nagle and Strick-
land-Constable (1962), where the experimental data and
model predictions are shown to be in good accord. Under
these conditions, the steady-state assumption of Nagle and
Strickland-Constable implies that the fraction of edge carbon
on the carbon surface is high during combustion of graphite
rod:

This is consistent with their interpretation that thermal an-
nealing becomes an important reaction and the basal func-
tion on the graphite surface becomes notable only above 2,100
K.

Simulation based on the master equations

To simulate the temporal profiles of the three clusters in
the first stage, Eqgs. 20 through 30 have been solved simulta-
neously. Among these equations, Egs. 20 through 22 are for
the means; Eqgs. 23 through 25, for the second moments; and
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Eqgs. 26 through 28, for the cross moments. The variances
and covariances have been recovered from Egs. 29 and 30,
respectively. The linear system of differential equations, Egs.
20 through 28, can be solved either by an analytical method,
such as the method of eigenvalue/eigenvector problems, or
by a numerical method. For the present work, it has been
simultaneously solved on a SGI Origin 200 computer with
LSODA, a software package based on Gear’s method for
solving a set of ordinary differential equations (Petzold and
Hindmarsh, 1997).

To investigate the effect of the number of initial carbon
clusters, five sets of computations were conducted with five
initial clusters of 40, 100, 240, 400 and 800 in number. The
ratio of the basal to edge clusters is kept constant at 19 to 1
throughout these computations. Equations 20 through 28 have
been integrated to a point at which the basal clusters become
highly diluted. To estimate the *‘breaking point” between the
two stages, a deterministic model involving a continuous de-
crease in the frequency of the occurrence of the secondary
reaction is developed for comparison. It is envisioned that
the occurrence of the secondary reaction depends on the
identity of the cluster adjacent to the gasifying cluster, and
the frequency of occurrence depends on the parameter e, the
fraction of basal clusters in the carbon sheet after a cluster is
gasified, or n,/(n; + n,). Material balance yields three equa-
tions governing the three types of carbon clusters during
combustion; only the equation governing the number of basal
clusters is shown below:

dn,
i M(1+ €)n; — Aen, + Agn,.

Comparing the cluster numbers from this approach and
those from the two-stage approach with varying breakpoints,
the breaking point yielding the most compatible cluster num-
bers in the second stage is chosen through visual comparison.
For the current work, gasification is switched to the second
stage when e = 0.3; the corresponding time is 0.727 ms.

To simulate the temporal profiles of three clusters in the
second stage, the linear system of differential equations (Egs.
31 through 39) has been simultaneously integrated by LSODA
with the system’s state at the end of the first stage serving as
the initial condition for the second stage. Among these equa-
tions, Egs. 31 through 33 are for the means; Egs. 34 through
36, for the second moments; and Egs. 37 through 39, for the
cross moments. The variances and covariances have been re-
covered from Egs. 29 and 30, respectively.

Monte Carlo simulation

Linear or nonlinear dynamic processes have been simu-
lated either deterministically or stochastically by Monte Carlo
procedures. It is worth noting that a well-developed class of
Monte Carlo simulation procedures essentially shares identi-
cal computational bases with the master-equation algorithm
presented in the preceding sections. Specifically, the assump-
tions of Markov property and temporal homogeneity of the
random variables lead to the definitions of transition-inten-
sity functions (such as Gillespie, 1977, 1992). As discussed in
the Model Formulation section, probability balances of vari-
ous events on the basis of these intensity functions give rise
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to the master equations. In the Monte Carlo simulation, the
system’s state is simulated by a stepwise, random-walk scheme
based on the same intensity functions.

Process systems or phenomena can be simulated by time-
driven and event-driven Monte Carlo procedures (such as
Rajamani et al., 1986). The difference between these two
procedures is in the manner of updating the time clock of the
evolution of the system. The time-driven procedure advances
the simulation clock by a prespecified time increment, At,
which is sufficiently small so that at most one event will occur
in this interval. The probability of an event occurring is de-
termined by the nature of the transition-intensity functions.
In contrast, the event-driven procedure updates the simula-
tion clock by randomly generating the waiting time, 7,,, which
has an exponential distribution; this distribution signifies that
a cluster transition takes place completely randomly. At the
end of the each waiting interval, one event will occur, and the
state to which the system will transfer is also determined by
the nature of the transition-intensity functions.

The process of interest here, that is, carbon oxidation, has
been simulated by the event-driven procedure; it is usually
computationally faster than the time-driven procedure. The
simulation starts with a given initial distribution of clusters;
the essential task is to obtain the probability distributions of
the cluster numbers at any subsequent times. To determine
the system transition in each time step, two random numbers
are generated for two different purposes. The first random
number in (0,1), ry, is for estimating the waiting time during
which a possible transitions of the system’s state, depicted in
Figure 4 or 8, will take place. The second random number in
(0,1), r,, is for identifying the reaction type.

Waiting Time. Let T, be the random variable represent-
ing the waiting time of the carbon system of interest at state
n prior to its transition due to the transformation of an arbi-
trary carbon cluster, and let 7, be the realization of T,.
Moreover, let G,(r,) be the probability that no transition oc-
curs during the time interval, 7,,. Thus,

Gy(7,)=Pr(T,=7,), (47)
which can be expressed as
Gu(m) =exp[ —(n A + A, + nyag)T, ] (48)
The complement of G.(r,),
Ho(7w) =1=Ga(m), (49)

expresses the cumulative probability distribution of T, up to
7.~ The probability-density function of T,,

dH, (7,
h(z,) = Er—

w
therefore, has the following exponential form.

h(7,) = (N1A + N0, +1ny45)

xexp[ —(ngA;+ nyd, + nyA5)7, ] (50)
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Note that, H,(7,) is the probability function of T,.

Equation 50 indicates that to estimate the waiting time
of the carbon cluster, =, a sequence of exponentially dis-
tributed random numbers must be generated. The sequences
of the computer-generated random numbers, however, are
usually uniformly distributed in interval [0,1]. This uniform
distribution, therefore, needs to be transformed into the ex-
ponential distribution, which can be accomplished by defin-
ing a new random variable, denoted by U, whose realization,
denoted by u, assumes the value of H,(7,) at 7, (such as
Gillespie, 1992), that is,

u= Hn(Tw)
=1—exp[—(NiA+ Ny A, + Ny A0)7, ], (51)

or, inversely,

T In[1—u]. (52)

- (N AL+ N4, +ny45)

It can be verified that if the waiting time, T,, whose realiza-
tion is 7, is exponentially distributed, then the random vari-
able, U, whose realization is u, is uniformly distributed over
interval [0, 1].

Probabilities of Three Possible Transitions. After residing in
state n=(ny, n,, ny) for a waiting time of =, the carbon sys-
tem will transfer to one of its adjacent states. During the first
stage of the oxidation, the transition intensities of the carbon
system from state (n;, n,, ny) to state (n; —2, n, +1, ng+1),
(n;—1, n,, ng+1), and (n;+1, n, —1, ny) are Ay, A,, and
A, respectively; this is the total reverse but the exact equi-
valent of the system transition from states (n;+2, n,—1,
ng—1, (n;+1, n,, n;—1), and (n; —1, n, +1, ny) to state
(ng, n,, ny) is illustrated in Figure 4. During the second stage
of the oxidation, the transition intensities of the carbon
system from state (n;, n,,ng) to (n;—1,n, ny;+1), (n,
n,—1,n;+1), and (n;+1,n, —1,n,) are A;, A,, and A, re-
spectively; as depicted in Figure 8. The probability of the
carbon system transferring from state (n;, n,, ny) to (n, —2,
n, +1,n;+1) during the first stage or to (n; —1,n,,ny;+1)
during the second stage, therefore, is

NiAy
P

Q (53)

The probability of the carbon system transferring from state
(ny, Ny, ng) to (n; —1,n,,ng+1) during the first stage or to
(ny, n, —1,n;+1) during the second stage is

Ny A,
T

Q. (54

Similarly, the probability of the carbon system transferring
from state (n, n,, ny) to (ny, n, —1,ny+1) during either the
first or second stage is

Ny Ag
B NA 4+ NyA, + Ny,

Qs (55)
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It is worth mentioning that even though the states to which
the system is converting differ for two stages, the three crite-
ria for determining the reaction step are identical: they are
Eqgs. 53 through 55. Since the sum of Q, through Q; is 1, the
reaction type can be identified by the randomly generated
number, r,. Specifically, r, falling within the interval

Ny
0, (56)
(NAL+ A +ny45)

implies that a basal cluster is gasified; r, falling within the
interval

Ny Ay nyA;+NyA,
(A +NyAy +NyA3) " (NpA + Ny, + Ny A5)

] (57)

implies that an edge cluster is gasified; and r, falling within
the interval

nA;+NyA,
[ | (59)

(NA;+ Ny +nyAg) "

implies that thermal annealing occurs.

Simulation Algorithm. A stepwise description of the
event-driven procedure is given below.

1. Choose an initial cluster distribution, and let the num-
ber of replications, S, be the sum of initial basal and edge
clusters. Start the random walk from this state.

2. Select the total length of time of each simulation, T;.
For convenience, T; has been selected as 3.7 ms.

3. Determine the length of waiting time, 7. First, gener-
ate a random number, r;, from a uniform distribution in [0, 1];
then, calculate 7, for a system’s transition at state (n;, n,, n,)
according to Eq. 52.

4. Update the computer clock by letting t=t + 7.

5. Calculate the transition probabilities that the system will
transfer from state n to the other states, Q;, by Egs. 53
through 55. Then, generate another random number, r,, from
a uniform distribution in [0,1]. Determine the reaction type
by examining in which interval given by Eqgs. 56 through 58 is
r, located.

6. Repeat steps 3 through 5 until the total time exceeds T;;
this terminates one replication of simulation.

7. Repeat steps 2 through 6 for S times, and store the re-
sultant number of clusters of type i during the jth replication
at time t, n;;(t). This yields the mean number of clusters of
type i at time t:

ni;
E[N (D] = +5— (59)

Mo

The variance of clusters of type i at time t can be calculated
from its definition:

XS: (ni;—E[ Ni(t)])2

Var[ ()] = =2

S_1 (60)
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Figure 9. Temporal evolutions of the three types of car-
bon clusters and their standard-deviation en-
velops.

From the simulation of a carbon sheet containing 100 clus-
ters computed independently by the master-equation and
Monte Carlo algorithms.

The covariance around the means between any two types of
clusters, i and j, at time t can be calculated from its defini-
tion:

Cov[ Ni(t), N;(1)]

i i(nih_E[Ni(t)])(njk_E[Nj(t)])
_ h=1k=1 = ) (61)

Results and Discussion

The current work proposes a novel, two-stage model of
carbon oxidation by extending the classical NSC model. A
stochastic analysis of the proposed model has yielded the
transition probabilities or, more specifically, transition-inten-
sity functions, of gasification and transformation of carbon
clusters during oxidation. This renders it possible to derive
the master equations of the model through stochastic popula-
tion balance and to derive the event-driven Monte Carlo pro-
cedure for the model, both of which enable the model to be
simulated independent of each other.

Simulation based on the master equations

Figure 9 presents the temporal profiles of oxidation of basal
and edge clusters from the simulations with 100 total initial
clusters and an initial ratio of basal-to-edge clusters of 19:1.
It is worth noting that the number of basal clusters decreases
continuously until the second stage is reached at 0.727 ms. If
the calculation is not switched to the second stage at this
moment, the rate of the consumption of basal clusters re-
mains negative, and the number of basal clusters will eventu-
ally become negative. In fact, the eigenvalues of the matrix of
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the differential equations governing the means in the first
stage, Egs. 20 through 22, include a set of complex conju-
gates indicating oscillations in the numbers of clusters. This
implies that the assumptions of the secondary, instantaneous
conversion of basal to edge clusters during the first stage of
the oxidation is too restrictive after the basal clusters are
highly diluted, and thus, the assumptions must be removed in
the second stage.

The envelopes of standard deviation around the means in
Figure 9 are indicative of the internal, or system, fluctuations
(van Kampen, 1992, p. 234). The master equations resulting
from the stochastic analysis of a complex process facilitate
the estimation of these fluctuations. The parameters in the
equations, for example, the intensity functions, are presumed
to depend only on the major variables of the system and to
be independent of the variables of secondary importance.
Neglecting these secondary variables is, in essence, the source
of internal noises that should be appropriately analyzed
stochastically. For the current work, the transition-intensity
functions, corresponding to the reaction rates, are functions
of temperature and oxygen pressure, but are independent of
the local characteristics of the defects. The fluctuations
around the means increase rapidly with time and then de-
cline slowly; they finally vanish as expected because of the
total consumption of carbon.

The covariances around the means between the two types
of clusters are plotted in Figure 10; note that the interactions
between the numbers of the two types of clusters can be
appreciable. The covariances, similar to the variances, are
guantities that cannot be evaluated a priori by a determinis-
tic model.

Figure 11 presents the temporal profiles of oxidation of
basal and edge clusters from the simulations with the total
initial clusters of 400 and an initial ratio of basal-to-edge
clusters of 19:1. The mean evolutions of cluster numbers are
proportional to those demonstrated in Figure 9, because the

Covariances

Time, ms

— Edge-Gasified

— Basal-Edge
— Basal-Gasified

Figure 10. Temporal evolutions of the three covari-
ances.

From the simulation of a carbon sheet containing 100 clus-
ters computed independently by the master-equation and
Monte Carlo algorithms.
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Figure 11. Temporal evolutions of the three types of
carbon clusters and their standard-deviation
envelops.

From the simulation of a carbon sheet containing 400 clus-
ters computed independently by the master-equation and
Monte Carlo algorithms.

macroscopic equations, Eqgs. 20 through 22 and Egs. 31
through 33, are linear. Nevertheless, the deviations from the
means are significantly smaller than those in Figure 9, thereby
indicating that the fluctuations decrease with the increase in
the initial number of clusters. Indeed, this trend is particu-
larly noticeable when the maximum variances from each of
the five simulations are plotted against the initial cluster
number (see Figure 12). This observation is also in accord-
ance with the theory of stochastic analysis that the internal
noises are particularly noticeable when the number of enti-
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40 100 240 400 800
Number of Clusters
«Basal - Edge - Gasified

Figure 12. Variations of the standard deviations with the
initial number of clusters.

Computed independently by the master-equation and
Monte Carlo algorithms.
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ties is small (such as Nicolis and Prigogine, 1977; van Kam-
pen, 1992, pp. 55-58 and 232-235).

Simulation based on the Monte Carlo procedure

Monte Carlo simulations have yielded results essentially
indistinguishable from those generated from the master
equations, that is, those shown in Figures 9 through 12. As
discussed earlier, this is expected since the algorithms based
on the event-driven Monte Carlo procedure and master
equations derived in the present work are rooted in identical
assumptions, that is, the Markov property and temporal ho-
mogeneity of the random variables. These assumptions lead
to the definitions of transition-intensity functions that are the
cornerstones of the formulation of the master equations and
of the Monte Carlo procedure. Three traces from the Monte
Carlo simulations, one for each carbon cluster, are included
in Figure 9 for comparison.

Although the master-equation algorithm and the Monte
Carlo algorithm share common assumptions, they are inde-
pendent of each other. The fact that the two algorithms have
yielded essentially the same results implies that both indeed
define the evolution of a dynamic process in a precisely
equivalent way. The master-equation algorithm generates the
equations governing the statistical moments of the process,
which can be readily varied to cover a wide range of initial
conditions, whereas the Monte Carlo procedure will require
far more computational time and storage space under such
circumstances.

The current model demonstrates that the macroscopic
route and internal fluctuations of the carbon oxidation proc-
ess can be predicted by resorting to a limited amount of ex-
perimentally obtainable rate information on the three reac-
tions. The standard deviation apparent in Figures 9 and 11
reflects the internal, or system, fluctuations characteristic of
a mesoscopic system (such as van Kampen, 1992, p. 232-235).
Since a system usually operates under the influence of exter-
nal variables, the experimentally observed fluctuations should
be greater than the internal fluctuations predicted by the
model. This also implies that it is worth cautioning ourselves
not to replicate the experiments excessively in an attempt to
reduce the scattering far beyond what is predicted. By the
same token, a few observed low concentrations can be a mis-
leading indication of the termination of responses because
the appreciable scattering, as discernable in Figures 9 and 11
portraying the standard deviation envelopes, signifies the in-
fluence of internal noises.

The current model adopts the essential concepts of the NSC
model for analyzing the oxidation of a system containing a
limited carbon source, thereby forming a closed system, that
is, a carbon sheet; it has been chosen for analysis to illustrate
the importance of the second stage. Nevertheless, it is worth
noting that the master-equation algorithm is also applicable
to the oxidation of open-flow systems, for example, the sur-
face of a carbon rod. This algorithm involves the stochastic
probability balance of the two types of clusters; the resultant
master equation should yield not only the deterministic evo-
lution of carbon clusters reported by Nagle and Strickland-
Constable (1962), but also the fluctuations, or uncertainties,
inherited in their measurement.
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Figure 13. Mean trajectories generated by the master-
equation algorithm and the single traces.

Simulated by the Monte Carlo algorithm for a carbon sheet
containing 100 clusters.

Carbon oxidation leads to the removal of carbon from a
solid matrix by oxygen into a gaseous phase, thereby resulting
in pit formation on the surface of the solid; thus, the present
analysis and model can also be applied to other processes
involving pit formation, for example, corrosion, which has
been treated as a stochastic birth and death process (such as
Mola et al., 1990; Shibata, 1996). The present stochastic
model, however, contains various features, such as the sec-
ondary, instantaneous conversion of basal sites to edge sites
in the first stage and the separation of the entire process into
two stages. Consequently, the model appears to be more suit-
able than the straightforward birth and death process for the
analysis of pit formation.

Conclusions

The classic dual-site model of Nagle and Strickland-Con-
stable for carbon oxidation has been successfully revised to
take into account the stochastic nature of the process and the
shift in the mechanism during the later stage. Carbon sheet,
which is the simplest among the representative systems hav-
ing limited carbon, is selected for the current study. The
transition-intensity functions of the dynamic gasification and
transformation of basal and edge clusters of carbon have been
estimated through a stochastic analysis of the resultant two-
stage model. Subsequently, this has given rise to the master
equations for analytical representation and to the event-
driven Monte Carlo procedure for numerical representation
of the model. The master equations are capable of estimating
not only the evolution of means of cluster numbers, but also
the variances, or fluctuations, around the means in both
stages. These fluctuations are inherent in the system and are
attributable mainly to the mesoscopic defects of the carbon
structure, which have been demonstrated experimentally as a
potential source of uncertainties in determining the oxidation
rates.

The validity of the model is amply demonstrated by numer-
ically calculating the evolution of cluster numbers of different
types and their fluctuations over time through two simulation
algorithms, one based on the master equations and the other
based on the event-driven Monte Carlo procedure. These two
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algorithms have been implemented separately but with the
same set of assumptions and system parameters. The fact that
the two algorithms have yielded essentially identical results
implies that both define the evolution of a dynamic process
in an equivalent way.

Notation

E[N;(t)]= expected value, mean, or the first moment of the
random variable, N;(t)
E[N;?(t)]=second moment of the random variable, N;(t)
E[ N;(t)N;(D)]=second, or product, moment of the random variables,
Ni(t) and N;(D)
f(u) = probability-density function of U
n;= realization of the random variable, N;(t)
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